SELF DUAL EINSTEIN ORBIFOLDS WITH FEW SYMMETRIES 
AS QUATERNION KAHLER QUOTIENTS 
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To the memory of Krzysztof Galicki 

Abstract. We construct a new family of compact orbifolds O 4 (0) with a 
positive self dual Einstein metric and a one-dimensional group of isometries. 
Together with another family, introduced in [6] and here denoted by C 4 (S1), 
these examples classify all 4-dimensional orbifolds that are quaternion Kahler 
quotients by a torus of real Grassmannians. 



1. Introduction 

A classical theorem of Hitchin states that S 4 and CP 2 , with their symmetric 
metrics, are the only compact positive self dual Einstein (SDE) 4-manifolds 10J. 
A classification of compact positive self dual Einstein 4-orbifolds appears much 
harder, and at the present not fully understood. 

First examples of compact self dual Einstein 4-orbifolds of positive scalar curva- 
ture were constructed by Galicki and Lawson via their also now classical quaternion 
Kahler quotient construction. Presently, known examples of such orbifolds include: 
(i) the 5'0(3)-invariant, cohomogeneity one orbifold metrics on S 4 discovered by 
Hitchin [IT] : (ii) the toric orbifold metrics constructed by Boyer, Galicki, Mann and 
Rees as quaternion Kahler quotients of quaternionic projective spaces [7]; (iii) the 
^-invariant orbifold metrics of Galicki and Nitta [9]. 

The toric orbifold metrics mentioned in (ii) include as special cases the Galicki- 
Lawson metrics on weighted complex projective spaces <CP 2 (p, q, q). All these toric 
metrics have been completely classified through quaternion Kahler quotients first 
by Bielawski [2] in a special case and more generally by Calderbank and Singer [8] . 
Compact positive SDE orbifolds with a one-dimensional isometry group are known 
just in a few cases, and the only known examples seem to be the ones mentioned in 
(iii) and the family constructed in [6j again through a quaternion Kahler quotient. 

The present paper is devoted to constructing a new family of positive SDE 
metrics with a one-dimensional isometry group on compact orbifolds. We show 
that these new examples, together with the ones constructed in ,6 a , classify all 
such orbifolds that can be obtained as toric quotients from the quaternion Kahler 
Grassmannians GV4(R™ +1 ) = so(n°3)xs'o(i) • ^ n ^ ac *' ac ti° ns by a fc-dimensional 
torus sitting inside the maximal torus of SO(n + 1) and leading to a 4-dimensional 
positive SDE quotient orbifold give necessarily n+1 = 6, 7, 8 (cf. Section 2). Indeed 
the first case n + 1 = 6 gives rise to SDE orbifolds with T 2 — symmetries [7J. The 
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remaining cases n + 1 = 7, 8 give rise to intermediate circle quotients related to the 
groups G2 and Spin(7), respectively: [12], [14]. 

Let Ai 4n be a quaternion Kahler manifold of positive scalar curvature. Recall 
the diagram of fibrations, all consistent with the respective quotient constructions: 



Hyperkahler Cone 

C(S 4n+3 ) 



Twisto 





^4n+3 3 — Sasakian 
Bundle 



50(3) 



M 4n 

Positive Quaternion Kahler 



In particular, one can consider weighted action of tori Tjj C SO(n + 1) C Sp(n+ 1) 
on the 3-Sasakian sphere S 4n+3 C H" +1 , k = p±±] - 1, where 9 is a (k - 1) x k 
integral matrix. In Section 2 we describe the details when n — 7 and the acting 
torus is 3— dimensional. This gives the following: 

Theorem A Let £ M^aS^L) be an integral matrix such that each of its 3 x 3 
minor determinants A aj g 7 does not vanish. Moreover, assume that their sum is non 
zero, that none of them is equal to the sum of the other three, and that none of the 
sums of two of them is equal to the sum of the other two. Then, for each such a 
matrix 0, there exists a compact self dual Einstein 4— dimensional orbifold 4 (0) 
with positive scalar curvature and a one- dimensional group of isometries.O 

In fact, the analysis of the action shows that no choice of matrix gives a smooth 
quaternion Kahler quotient of the corresponding quaternion Kahler base HP 7 , and 
this is the case also for 3— Sasakian quotient metric on the mentioned 50(3)-bundle. 
The singularities of the quotient 4 (0) can in fact be more conveniently described 
through the singular locus on its twistor space Z 6 (Q). To give a proper formulation 
of this, denote by G the group Sp(l) x Xq x U(l). It acts in a natural way on 
the quaternionic vector space H 8 , and denote by u a = z a + jw a (a — 1, ...,8) its 
coordinates. In Section 3 we prove the following: 

Theorem B Let Z 6 (Q) be the twistor space of the self dual Einstein orbifold C 4 (0). 
Then the singular locus £(0) of Z e (Q) contains at most the following sets. 

(i) Two spheres S 2 , whose isotropy depends only on an algebraic sum of the 
determinants A Q( g 7 . 

(ii) Further 22 disjoint spheres S 2 , whose isotropy depends on the minor deter- 
minants A a p-y. These 2-spheres are obtained as G— quotients from strata 
S$ , Sp s or S"$ on H 8 , that are G orbits of loci where some pairs of 
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One obtains in this way eight strata S^ 7 and Sp s each of which intersects 
the zero set of the moment map in two connected components, and six 
further strata having a connected intersection with the zero set. All 

quotients by G of these connected components are spheres S 2 . 



(iii) Three sets of at most four points. The points of each set are joined by one 
of the 2-spheres n N(Q)/G, where N(G) C S 31 C H 8 is the zero set 
of the moment map associated to the Sp(l) x Tq- action. 



We describe also singularities for quotients appeared in [6]. We use here the 
notation Q € M2x3(Z) for the matrix of weights, entering in the G n = Tq x 
Sp(l) x U(l) action on the quaternionic vector space H 7 (cf. Section 4). We denote 
by A a( 3, a, [3 = 1,2,3, the minor determinants of the matrix f2. It is proved in [6] 
that, under some hypotheses on the A Q( a, a positive SDE orbifold 4 (tt) with a 
one-dimensional group of isometries can be constructed. In Section 4 we describe 
the singular locus at twistor level by proving the following: 

Theorem C Let Z 6 (fl) be the twistor space of the self dual Einstein orbifold 
A {Vl). The singular locus S(57) C Z 6 (tt) contains at most the following sets: 

(i) one sphere S 2 , whose isotropy depends only on one of the possible algebraic 
sums of the &. a p] 

(ii) 12 points, coming from the following strata of the action of G n on N(Q) 
on H 7 : 





Z2 


z-i 


Zi 


Z5 







IC 














w 6 


w 7 ) j 



and the similarly defined S\ 3 , S 23 , S^, S 2 3 , S 3 2 . 

Any stratum S" 13 or Sp intersects the zero set of the moment map in 
two connected components. Each of these connected components gives rise 
to a singular point at the twistor level. Moreover, for each of these points 
the isotropy depends only on one of the minor determinants ± A. a p . 

When some of the minor determinants A Q ^ 7 or of their algebraic sums 1±2 D^4 
are ±1 in Theorem B, or similarly when some of the A a p or their algebraic sums 
are ±1 in Theorem C, then the singular loci S(O) and E(f2) do not contain the 
corresponding sets. 
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The comparison between singularities in the two cases shows that Theorem A 
gives rise to a new family of positive SDE orbifolds with a one-dimensional group 
of isometries. 

Acknowledgement and Provenance. This paper is based on the first author's doc- 
toral thesis, defended at Roma Tor Vergata in 2007 [3]. Both authors express their 
gratitude to Krzysztof Galicki, for his decisive encouragement and many helpful 
suggestions and discussions. This paper is dedicated to his memory. 



2. The Quotient Orbifolds 4 (n) and £> 4 (9) 

A family of 4— dimensional positive SDE orbifolds with one-dimensional group of 
isometries has been constructed in [6j. We denote here by 4 (f2) these orbifolds, a 
notation that allows to distinguish them from the new orbifolds 4 (0) that will be 
introduced in the present paper. We recall that the 4 (f2) are quaternion Kahler 
quotients, via a Sp(l) x Tq action with convenient weight matrix fl € M2 X 3(Z) on 
the torus factor, of the quaternionic projective space HP 6 . An alternative quotient 
construction of the same 4 (f2) is through the action of the weighted 2— torus Tq 
on the oriented Grassmannian Gr 4 (R 7 ). Under suitable assumptions for the weight 
matrix Q, orbifold quotients C 4 (0) are obtained. 

A similar construction by a torus action can be carried out on any quaternion- 
Kahler oriented Grassmannian 



and if a 4-dimensional quotient is desired, one has to look at actions of (n — 4) — 
dimensional tori. The dimension of the maximal torus in SO(n + 1) shows 

that the possibility of introducing weights in the torus action yields the inequality 
n-4 < [2±i]. Thus: 



(2) n < 9 (n + 1 even) or n < 8 (n + 1 odd), 

so that the only Grassmannians that can admit such quotients are: 



(3) Gr 4 (R 6 ) = Gr 2 (C 4 ), Gr 4 (R 7 ), and Gr 4 (R 8 ). 

The first two cases in Q have been examined in [7] and in [B], respectively. The 
present paper is devoted to the third case and to its comparison with the second one 
(circle quotients of Gr 4 (IR 6 ) have a two-dimensional group of isometries, and are 
therefore a priory distinct from orbifolds in the other two families). Thus our main 
choice is the Grassmannian Gr 4 (R 8 ), acted on by a 3— torus Tg C T 4 C 50(8), 
where is a 3 x 4 integral weight matrix. 

The action of T<| is conveniently described through 2x2 block diagonal matrices: 
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/ A{0! 



(4) 



A(Q) 



A(0 2 



A(0 3 



e SO{8), 



V o 



A(6*) J 



where 

(5) A(0 a ) = 

with t 7 s,r G [0, 2ir), and 

(6) 



cos 
—sin t 



sin ( 
cos ( 



p a t + q a s + l a r, 



e 




is the matrix of the integral weights defining the action. 

Next, recall that the Hopf fibration S* 31 — ► HP 7 , acted on isometrically by 
Sp(l) via left multiplication of quaternions, gives as quotient: 



(7) 



S 31 



Sp(l) 



SO (8) 



SO(3) 



SO(S) 



Gr 4 



^ SO(4)xSp(l) SO(4)xSO(4) 

and we are going now to add to it the Tq — action. 

Accordingly, we look at G = Sp(l) x Tq as a subgroup of the 3-Sasakian isome- 
tries of S* 31 . The moment maps a : S 31 — > sp(l)®R 3 = R 9 associated with the Sp(l) 
action and: v : S 31 — > u(l) 3 <g> R 3 associated with T| = U{\) 3 read respectively: 

8 8 8 



(8) 



and 



a ^2 u a ku a ) e Sp(l) 



E«=i qa(u 2a -iu 2a - u 2a u 2a -i) | eu(i) 3 <g>: 

Ea=l la(u 2a -lU 2a - U 2a U 2a -i) 

where ueS 31 ci 8 . 

The zero set ju _1 (0) can be easily identified with the Stiefcl manifold of oriented 
orthonormal 4- frames in R 8 , and it is therefore natural to look at elements of 
N(Q) = /U _1 (0) fl f _1 (0) as 4 x 8 real matrices u = (m, u 2 , . . . , u 7 , u 8 ), whose 
columns u p are coefficients of a quaternion respect to the base {1, i, j, k). Of course 
any such matrix u has rank 4. 

Definition 2.1. Let a = 1,2,3,4. Any pair (u 2a ^i,u 2a ) of quaternionic coordi- 
nates of u E S 31 C H 8 will be called a quaternionic pair. 

Lemma 2.1. Suppose that all the minor determinants 



(1 < a < 13 < 7 < 4), 



Pa Qa ^a 

(10) A a/37 = p p qp Ip 

of G do not vanish. Then the zero set N(Q) contains no elements u having a null 
quaternionic pair. 
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Proof. Refer to the choice of (117, ug) as a null quaternionic pair on some point 
of N(Q). Let x a = U2a~iU2a — "20^20-1, a = 1,2, 3, 4, and rewrite v{u) as 



(11) 



where 



v{u) = e 



( XX \ 

X2 
X3 
\ Xi J 



( X X \ 

X2 
X3 
\ X A ) 



(12) 



Pi P2 P3 

9i 92 93 I ■ Since det A = A123, the equation v{u) = is solved 
h h h 



U 2 Ui 

U3U4 







( P4X4 \ 




-A- 


q 4 x 4 


: 




y 14x4 J 



U 6 U 5 

J y^j(x — 1 f M>cx@"U'(x\(T=i,j,k 



0. 



U1M2 
U3U4 

u 5 u 6 

From (fT2"]) we get Irn(u2 a -iU2 a ) = 0, i.e. U2a-i u 2a £ K. 

Now observe that in equations (TT2"|) we can assume, up to a scale, that u a belongs 
to Sp(l). Thus maps (u2 a -i, «2«) £ <5p(l) xSp(l) — > U2 Q -iU2a £ 5^(1) j a = 1,2, 3, 
are consequently defined. It follows U2a-iU2a = ±1, l*2a-i = ±"2a, and that 
m E N(0), as a a real 4x8 matrix, cannot satisfy all the equations ([12]): the first 
three equations force in fact the columns U2a-i — T (u2a-i> u 2a-ii M 2a-i u 2a-i) 
and U2a — T (M2 a , u\ a , itla^la) of each quaternionic pair to be proportional to each 
other. Thus the matrix u has at most rank 3, contadicting the assumpion of u as 
a 4-frame in R 8 . It follows that N(Q) R {u 7 = u 8 = 0} is empty. □ 

Proposition 2.1. ITie action of G — Sp(l) x Tq on iV(G) is locally free if and 
only if all the following determinants: 



(13) 

and: 
(14) 

do not vanish. 





Pa 


q a 




A Q/ 3 7 — 






b 




P 1 


( h 





l±2i — il±3 ._ 
U l±4 - 



(1 < a < (3 < 7 < 4), 



Pi ±P2 Qi ± 92 h ± h 
pi ±P3 qi± q 3 h ± Z 3 
pi ± p 4 91 ± g 4 Zi ± Z 4 



Proof. By Lemma 2.1 the conditions A Q ^ 7 insure that N(Q) has no points 
with a null quaternionic pair. Then the fixed point equations can be written as: 

b a 



A(9 a ) 
where a a = cos 
(15) 



U2a-1 \ _ I a a °<x \ I u 2a-l 
U 2a ) V a a ) \ U 2a 

sin6 a , and A G S'p(l). It follows: 

2 



= A 



M2c 



OaP2a-l 
— 6 a U2a-lM2a 



O a U2aU2a-l = A|u 2q _i| 2 , 

+ a a \u 2a \ 2 = A|u 2q | 2 , 
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and: 

(16) a a (\u 2a -i\ 2 + \u 2a \ 2 ) + b a (u 2a u 2a -\ - u 2a -iu 2a ) = A(|u 2a - 
where by Lemma 2.1 the term multiplying A is non-zero. Also: 

(u 2a u 2a -i - U 2a -iU 2a ) 



|«2a| 2 ), 



(17) 
so that ai 

(18) 



Re A 



Im A 



a 2 



(|u2a-l| 2 + |u2q| 2 ) 

a-3 = a± and 61 = ±62 = ±63 = ±64. Therefore: 

(pi ± p 2 )t + (qi ± q 2 )s + {h ± l 2 )r = 2hf 2 ir 
(pi ± p 3 )t + (qi ± q 3 )s + (h ± l 3 )r 



2hf 3 n 

(Pi ± Pi)t + (9i ± <74)s + (ii ± h)r = 2/i 23 7r, 



where /i Q ^ S Z. To have a locally free action, we need that all these eight systems 
have at most discrete solutions, i.e. that the eight determinants 1±2 D^4 do not 
vanish. □ 

Proposition 2.2. There is no weight matrix such that the action of G — Sp(l) x 
T| on N(G) is free. 

Proof. From the previous proof we see that there is a unique solution for the 



fixed point equations (fT5)) if and only if | 1±2 D 
identities: 



1±2|-|1±3| 
l±4l 



1. On the other hand, the 



(19) 



l+2 n l+3 

LJ l+4 
l+2i-il-3 

u l+4 
l+2ml+3 

LJ l-4 
l+2 n l-3 

u l-4 
1— 2|— |l+3 

LJ l+4 
l-2ml-3 

LJ l+4 
l-2 n l+3 

-2 D l-3 
u l-4 



A123 ~ A124 + A134 + A234 

— A123 — A124 — A134 — A234 
A123 + A124 — A134 — A234 

— A123 + A124 + A134 + A234 

— A123 + A124 + A134 — A234 
A123 + A124 — A134 + A234 

— A123 — A124 — A134 + A234 
A123 — A124 + A134 — A234, 



can be solved with respect to the A a 



07 



(20) 



A _ Y+W 
^123 — t — 

A — X + Y 

A124 — n — 

a X+Y-Z+W 
^134 — 2 

A — Z ~ Y 
A234 — — , 



where X = 1+2 D 1 |^ Y = 1+2 Q 1+ 1, Z = ^Oltl, W = 1+2 D 1 l4. In particular: 



(21) 



and our assumptions A Q ^ 7 7^ and X,Y,Z,W = ±1 give X = Y = W = —Z, 
so that {X, Y, Z, W) is either (1, 1, -1, 1) or (-1, -1, 1, -1) and (Ai 23 , Ai 24 , Ai 34 , 
A234) is either (1, 1, -2, 1) or (-1, -1, 2, -1). Since these choices of (X, Y, Z, W) 
are not a solution for the above system, no free action can be obtained. □ 



±1 = 


14 


-2[-il+3 
LJ l-4 


= -(x + 


Y + W) 


±1 = 


1- 


-2 D l-3 
LJ l+4 


= Z -X 


-2Y -W 


±1 = 


1- 


■2nl+3 
LJ l+4 


= Y + Z 


+ W 


±1 = 


1- 


2 n l-3 
U l-4 


= X + Y 


-z, 
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We conclude the paragraph by summarising all of this in a statement. Note that 
Theorem A of the Introduction then follows. 

Theorem 2.1. The action ofSp(l)xT^ on N(Q) = ^ _1 (0) n/i _1 (0) is never free, 
and it is locally free if and only if the following conditions hold: 

i) A Q(37 ^ for any (a, (3, -f), 

ii) all the determinants 1±2 D 1± 3 are non zero. 
In such a case the quotient 

(22) M \Q) N{&) 



Sp(l) x T| 

is a compact 7 — dimensional 3—Sasakian orbifold and a principal SO(3)-bundle over 
a ^-dimensional orbifold 4 (0) with a positive SDE metric and a one- dimensional 
group of isometries. 

The orbifolds M 7 (Q) arc not toric. To see this, look at the foliation on N(Q) 
that gives any such orbifold as 3-Sasakian quotient. Then observe that N(Q) is 
a compact submanifold of S 31 C H 8 as the zero locus of the quadratic functions 
defined by the moment maps [i and v. Thus all the isometries of N(Q) come from 
the restriction of the isometries of S 31 and, projecting to the 4-dimensional base, 
the group of isometries associated to 4 (0) turns out to be one-dimensional. 

Examples 2.2. There are many matrices which satisfy the assumptions of 
Theorem 2.1 and hence of Theorem A in the Introduction. For example: 





(23) 0i = 1 1 1 , 



have minor determinants A Q( 3 7 = (—2, —1, 1, —1) and A a/ 3 7 = (1, 72, —32, —63), 
respectively. All conditions listed in Theorem 2.1 are easily verified. □ 



3. The Singular Locus of Z 6 (0) 

Let Z 6 (Q) be the twistor space of any of the orbifolds O 4 (0) constructed in 
Section 2 and let S(0) be its singular locus . The zero set N(Q) = /i _1 (0)n^ _1 (0) C 
S 31 is acted on by the group G = G x U(l) = T| x Sp(l) x U(l) that, up to the 
central Z 2 , is a subgroup of Sp{8) ■ Sp(l) C #0(32). Let: 

(24) $ : T| x Sp(l) x £7(1) x N(Q) — ► N(G) 
be the action, where: 

(25) *((A(0),A,p))(U,«i)) =^(0)a( ^p, 

and we have identified H 8 = C 8 x C 8 by u a = z a + jw a ■ Thus (z, w) = u = 
(u\,U2, . . . ,ur, us) S H 8 and we will use both notations u and (z, w). The twistor 
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space Z 6 (0) is the leaf space of the G— action on N(Q). There is a natural strati- 
fication of iJ 6 (0) and we want to see how any singular stratum in Z 6 (Q) appears 
from the action of G on N(Q). 

Definition 3.1. We say that two points {z,w), (z^Wj) <E N(Q) define the same 
G— stratum S of Z e (Q) if their corresponding isotropy subgroups G( ZjU) ), G^ z w \ 
are conjugate with respect to the G-action. 

To get the possible isotropy subgroups, fix a point (z, w) — u and write the fixed 
point equations in quaternionic pairs (it2a-i, M2a), as follows: 



(26) 



A(9 a ) 



U2a-1 
U 2a 



Xu 2a -iP 
Xu 2ct p 



cos U, 
—sin t 



where A(9 a ) = 
(27) 

Zla-l U>2a-1 

z 2a W2a 



sin ( 
cos t 



, A = e + ja e Sp(l), p e U(l). Equivalently: 



A(0 a ) 



Z2a-1 


Z2a \ 








W 2a -1 


W 2a J 









The following property is easily verified: 

Lemma 3.1. Let (z,w) be a point in N(Q). Then, up to G— conjugation, we have 
&(z,w) cT e x u ( l ) e x u ( l )> where UQY = i x e s P( l ) I cr = 0}. 

Thus, orbits through points (z, w) S N(Q) with non trivial isotropy subgroup 
G(2 i2£ ) C T| x U(l) f - x [/(l) give all the G— strata of N(Q) whose projection gives 
rise to singular strata of Z 6 (Q). 

Rewrite now equations (f2"T|) as follows (a — 1,2,3,4): 
(28) 

M a : = 



( 


-ap 


—sin 9 a 


cos 9 a — ep N 




( 


ZZac-\ \ 




f \ 


-ap 





cos 9 a — ep 


sin 9 a 






Z2a 







—sin 9 a 


cos 9 a — ep 





op 






W2a-\ 







\ cos 9 a — ep 


sin 9 a 


ap 


o J 




\ 


W2a J 







and note that none of the M a can have rank 4, since otherwise the correspondent 
quaternionic pair (u2a-i, U2 a ) would vanish, a contradiction with Lemma 2.1. 

Then det M a = if and 



Proposition 3.1. Let M a be the matrix in formula 
only if at least one of the following four identities 

(29) pe ±l9 « =Ree± iy/(Im e) 2 + \a\ 2 

holds. 



Proof. By using the block notation 

(30) M a = 
one has, for a ^ 0: 

(31) M "=(d J 



A 


B ' 


C 


D 



I)- X C Id 
A-BD- X C 
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where the matrix (^4 — BD 1 C) is given by: 
o~ / ~psin26 a — 2sin9 a Re e ( 



|cr| 2 V (2cos6 a Re e — ~pcos 
It follows: 

det M a = CT 2 p 2 det (A - BD~ X C) 

( 32 ) a/ 
= P P 



2# Q — 2sin So./Je e (2cos 6*Q,i?e e — pcos 20 Q ) — p 
t Re e — pcos 2# a ) — p —~psin 29 a + 2sin 9 a Re e 



T 2 p 2 det (A-BD~ X C) = 

p( e -W*f - 2{Re e)e- ie °^J (^p + p(e ie «) 2 - 2(Re e)e 1 ^, 
and this is zero if and only if: 

(33) p{e~ ie ") 2 - 2(Re e)e- l9a + p = or p(e ie °) 2 - 2(Re e)e l9 « + p = 0, 
that gives the stated condition. □ 

Remark 3.1. Note that, when a = 0, the condition detM a = is equivalent to 

(34) ep = e ±te « or ep = e ±tf> " , 
which are special cases of formula i29\) . 

We can rephrase all of this as follows: 

Proposition 3.2. For any (z,w) S N(Q) C 5 31 , to get a non trivial solution for 
the fixed point equations §261 it is necessary that condition \29\ holds for some 
choices of the signs and for a = 1, 4. 

Assume now a = in system (|28|) and use in each block M a one or two relations 
among the four in ([34]) . Then we see that equations (|28|) admit non null solutions 
{z,w) £ H 8 , fixed by a subgroup H^ pe pI ) a ^ of the group generated by the chosen 
relations. Thus, Proposition 3.2 gives that for any of these solutions (z, w) the 
isotropy subgroup G(z,vi} is contained in Hu pe ^\ a \. Depending on the numbers 
of the relations (|34|) . the following possibilities for the rank of the blocks M a can 
occur: 

1) just one of the relations in (|34|) holds <^=> rank M a = 3, 

2) two relations in hold rank M a = 2, 

3) three or four relations in (|34| are satisfied M a — 04 X 4- 

When three or four relations in (f29|) hold, for each a — 1,2,3,4, they describe 
the non effectivity. Thus, up to the non effective subgroup, the third case can be 
ignored. Accordingly: 



Lemma 3.2. Assume u = in system Qffffl. If rank M a = 3, its solutions are 
given by any of the following: 



1) ±V« = {(z 2a -i, ±iz 2a -i,0, 0)}, pe 



e 



(35) 

2) ±1^ = {(0, 0, Wto-u ±iw 2a _ 1 )}, pe = e ±l 
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and when rank M a — 2 by any of : 
(36) 

3) (±.±V 3 a = {(z 2a -i,±iz 2a -i,w 2a -i,±iw 2a - 1 )}, pe = e ±l Spe=e ±l S 

4) V£ = {(z 2a - 1 ,z 2a ,0,0)},pe = e i6 '* = e"*-, 

5) V 5 a = {(0,0,w 2a ^,w 2a )}.pe = e ie " = e^. 
It follows: 

Corollary 3.1. Let (z,w) be a point in N(Q) with non trivial isotropy subgroup 
G^tu). Then each quaternionic pair (u 2a -i,u 2a ) of (z, w) belongs to one of the 
sets G ■ ± V{", G ■ ± V 2 a , G ■ ^'^Vf, G ■ V™ or G ■ V 5 a . 

Proposition 3.3. Let (z,w) be a point on a singular G— orbit ofN(<3), and assume 
that the hypotheses of Theorem A hold. Then at least one of the blocks M a , a = 
1, 2, 3, 4 7 has rank = 2. 

Proof. Assume that rank M a = 3 for a = 1, 2, 3, 4. Then, for each M a , just one 
of relations (|34|) holds. Note first that there are 7 ^ 5 such that M 1 satisfies one 
of the first two identities in (|34[) and Ms one of the remaining two. In particular, 
pie-, e ±i9 s smce otherwise M 7 and Ms would have rank = 2. In fact, assuming 
that such indices 7 and 8 do not exist, then solutions for equations (|2"5]) would 
have quaternionic pairs either contained in a ^Vf or in a ± V 2 Q for all a. Thus, 
these solutions would be 8 x 4 real matrices with rank < 4, and as such not points 
in N(Q). Thus, let M 1 and Ms with the mentioned property, so with spaces of 
solutions of type ± F 1 7 and ± V 2 ' 5 . Then, looking at all the indices a we get solutions 
in any of the following subspaces: 

(37) E* 23 = J X g Af 2x8 (C) I X = 



* * 




\ 








* * J 



(38) £34 = iX e M 2x8 (C) I X = 

or in the similarly defined Ej 24 , £^ 34 , £f 4 , E^, E 2 34 , E? 24) £ 4 23 , or in 
E 24 , £ 23 , E 23 , EjJ, £f|- In these matrices, the 2x2 blocks represent elements ei- 
ther of ± y i Q or of ± V 2 ■ Look for example at E 4 23 with the choices (following 
notations in[3!)]): {u 2a -i,u 2a ) & + V", a =1,3, (u 3 ,u 4 ) £ ~V 2 and (ut,u s ) e + V2 4 . 
By reading the Tq— moment map equations on this set of solutions, we get: 

{ Pi\zi\ 2 - p 2 \z 3 \ 2 + p 3 \z 5 \ 2 + P4 \w 7 \ 2 = 

(39) ^ qi\zi\ 2 - q 2 \z 3 \ 2 + q 3 \z 5 \ 2 + q 4 \w 7 \ 2 = 
1 ZlM 2 -^N 2 + Z3N 2 + ^K| 2 =0. 

Similarly, the Sp(l)— moment map equation for this choice gives: 

(40) | Zl |2 + N 2 + N 2_ |u;7| 2 = 0! 



* * 





\ 





* * 


* * J 
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(41) 



\ 


( N 2 ^ 








N 2 
















/ 


{ Kl 2 J 




W 



and we can rewrite all these equations as follows 

( Pi ~P2 P3 PA 

qi ~q2 93 94 
h ~h h h 
\ 1 1 1-1 

where the determinant is one of the 1±2 nJ±l ^ 0. Thus we get only the trivial 
solution. All the other listed cases can be treated similarly. □ 

Proposition 3.4. Let (z_,w) be on a singular G— orbit of N(Q) and assume that 
Mp has rank = 2 for some (3 = 1, ...,4 with solutions of the corresponding system 
of type 3) in i36\) . Then all the four matrices M a have rank < 2. 

Proof. Without loss of generality, we can assume (3 = 1 and that the conditions 
in (f3"4"|) giving solutions of type 3) in (|3l)|) are: 

<-> U:S. 

Since rank M a < 3 (a > 1), at least one of relations (|3"4"|) holds, so that either 
" Tn = e ±l9a . If one of the first two identities holds we get either 



ep 



31 or ep 
e 101 = e- 



or ep = ep 



further conditions ep 
It follows: 



D ±i0 



and thus we also get one of the 



so that rank M a < 2 for a = 2, 3, 4. □ 



Corollary 3.2. Assume the hypotheses of Theorem A, and let (z,w) £ N(Q) 
be such that one of its quaternionic pairs belongs to a ^'^V^, and another one 
either to a Vf or to a V§ . Then the isotropy subgroup G( Z M ,) is trivial. Then, if 
{z,w) G N(@) is a singular point with a quaternionic pair («2a-i, tt2a) contained 
in a ( ±!± ) V% , then all its quaternionic pairs are contained in one of the spaces 



Lemma 3.2 can be viewed as a description of strata on Z 6 (9) coming from the 
action of G on N(&). In fact, quaternionic pairs corresponding to singular points 
in the quotient are listed in ([55)1 and (|36[) . In particular, by Propositions 3.3,3.4 
and Corollary 3.2 we see that singular strata on Z 6 (0) can be distinguished into 
the following two different families. The first family of singular strata on Z 6 (9) 
comes from points (z, w) such that all of their quaternionic pairs are contained in 
(±.±)y 3 Q 5 a = 1,2, 3,4. In the second family, the (z_,w) have no quaternionic pairs 
contained in ^'^'V^ 1 . 



We begin now by studying the first mentioned family of singularities on Z e (Q). 
Here all quaternionic pairs of (z, w) are in a ^'^V^, so that: 



(43) 



Z\ 


±izi 


Z3 


±iz 3 


Z5 


HZ5 


Z7 


±iz 7 \ 


W\ 


±iwi 


W3 


±iu>3 


W$ 


±iW5 


W7 


±iu>7 J 



where all the signs can be chosen independently. The fixed point equations are: 



(44) 



ep = e ±l6 
ep = e ±lf) 
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where a = 1,2,3,4. It is convenient to introduce the following notation. Fix a 

r _ e ±ie 1 

pair of signs (±, ±) in relations < _ ±ifli' an d a triple of signs (±,±,±), in 

^ ep e , 

giSi _ e ±«0 Q] a — 2,3,4. Any space of solutions of (|28|) is associated to a 5— tuple 
of signs ± = ((±,±),(±,±,±)). Accordingly, we will denote any such space of 
solutions by $ . 

Next, consider the intersections of all spaces with N(Q). A first observation 
is the following. 

Proposition 3.5. Let ± =((+,-), (±, ±, ±)) or ± = ((-,+), (±, ±, ±)) . Then 
S 1 ^ has an empty intersection with N(0) = jU _1 (0) PI t/ _1 (0). 

Proof. It is sufficient to look at the intersection with fift'^ ± ) (the other case 
is symmetric). By reading the 5j>(l)-moment map equations on points (z, w) in 
S^'^^, we see that 



EL l(Na-l| 2 -Ka-l| 2 )=0, 



(45) 

The moment map v of the Tj|-action yields 



E a= l ^2Q-lW 2ce _l = 0. 



(46) 



J2a=l daIm{z 2a -lZ2a + W 2a -lW2a) = 0, 
E a =l d a (z 2 a-lW2a ~ Z 2a W 2a ^i) = 0, 



where d a — p a , q ai l a , a = 1,2, 3, 4. Thus for points in 5 , /^' ± ± \ 



(47) 



ELi(-l) ma d a (\z 2a -i\ 2 - K Q -i| 2 ) = 0, 

S a =l( _1 ) m ° rf a Z 2a-lU'2 Ct -l = 0, 



where the indices m a depend on the 5-ples of signs. If T a := |z2 Q _i| 2 — |w2a-i| 
we can rewrite all our equations in (|45f and (|46|) as 



(48) 



ELi(-ir^ r « = o r Eli(-i)"'"p a ^ a -i»2 a -i = o 

E^=i(-i) m "?ar Q = o I ELil- 1 )" 1 "'?-^-!^^! = o 

ELl(-l) m ^ar Q =0 ' | ELl(-l) raO Ua-l™ 2 a-l=0 
Et=l( r ") = ^ Ea=l z 2a-l™2a-l = 

and we can observe that the first four equation have the same determinant of 
coefficients as the last four, namely one of the 1±2 Dj±4 ^ 0. Then: 

(49) |z2a-i| 2 = |w2 Q -i| 2 > and z 2tt -iw 2 Q-i = 0, 

so that our system does not admit solutions. □ 

The following Proposition shows the existence in the singular locus of the two 
2-spheres appearing in Theorem B (i) of the Introduction. 

Proposition 3.6. Just one among the spaces an d just one among the 



'(±,±,±) 



intersects N(Q). 
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Proof. We outline the argument for the first set of spaces Sft'^ ±\, the other 
case being very similar. On any of the S^'^ ± s the S^l)— moment map equation 



is given by: 
(50) 



Ea=l(l Z 2a-l| 2 " \w 2a -l\ 2 ) = 0, 



En=l w 1a-\ z 1a-\ — 0, 

representing the Stiefel manifold S = U(A)/U(2). The Xg moment map equation 
depends instead on the chosen ± ±y 



(51) 



^(-ir-d Q (iz 2a _ 1 i 2 + i^-xi 2 ) = o, 



with d a — p a , q a . l a . This can be rewritten in quaternionic coordinates: 

4 

(52) 



^(-ir^ Q | U2Q _!i 2 = o, 



a=l 



where u 



2a-l 



z 2a-i +i^2a— lj an d by intersecting with the sphere S 31 we get: 

/ (-1)"^! (- 
f'_lY m i„. (_ 

(53) 

This is equivalent to 





-l) ml pl 


(- 


l) m2 P2 


(- 


1)">3 


(- 


1)">4 \ 




( K 


2 ^ 




( 


\ 


[\ 


-l) mi 9i 


(" 


l) m2 92 


(- 


1)™ 3 93 


(- 


l) m4 94 






2 







( 




(" 


-i) m n 2 


(- 


l)" l3 / 3 


(" 








2 









V 


1 




1 




1 




1 J 




V l«7 


2 ) 




V 1 


/ 



(54) 



admitting a unique solution in |ui| 



' 2 




2 = 


±A 2 34 


> o, 




i±2r-ji±3 

LJ 1±4 


2 


"3 


2 = 


±Al34 


> o, 




l±2nl±3 




W5 


2 = 


±A 124 


>0, 




i±2n 1±3 

U l±4 


2 


U 7 


2 = 


±Al23 


>0, 




LJ 1±4 











"3 



|xt7 1 2 . Then, by looking at relations 



(HHJ) we see that N{&) intersects only one of the eigenspaces S 



in the non empty intersection case, dim S 
is diffeomorphic to a S 12 . □ 



(+,+) 
(±,±,±) 



(+,+) 
(±,±,±)' 



fW(9) = 9 and S 



(+,+) 
(±,±,± 



In particular, 

nN(e)/G 



We consider now the second mentioned family of singularities on Z 6 (Q), coming 
from points (z, w) G H 8 having no quaternionic pairs in a ^'^V^. Observe first 
that the remaining eigenspaces ^Vf, ± V 2 ", V" and V 5 Q , a = 1,2,3,4 are not in- 
variant for the action of the group G. Accordingly, the corresponding strata S C 
H 8 have to be defined as 



(55) 



G ■ < ( Ul U2 I U3 U4 I "5 m \ U7 Us ) 



where V has quaternionic pairs in any of the ± V 1 Q; , ± V 2 Q , V£ and V 5 a 
By examining all cases we get the following: 
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Proposition 3.7. Let (z_,w) £ N(Q) be point in the V defined by (|55p . Then (z,w) 



has at most two quaternionic pairs which are contained either in ± V{" or in ^V^" . 

As a consequence, we can list the singular strata S that will give the 22 spheres 
mentioned in Theorem B (ii): 



(56) 







ll) 



Hi) 



iv) 



S\ 23 = G 





Z2 


Z3 




Z5 


Z6 





^ 



















U>7 


^8 J J 



and S* 



124 q134 q234 q1 o2 q3 q4 
3 ' 2 ' 1 ' 234' 134' 124' 123' 





Z2 


^3 


Zi 


^5 


^6 




















ol23 /O 

±*~>4 • — Lz ■ 



and^ 4 ^ 4 ,^ 4 ,^ 



■5*34 — ' 



and <? 13 <? 14 <? 23 <? 24 <? 34 
auu 2 4 i l3 23 i a 14 i '-'IS ) a 12 

G 





U>7 ±IWj 



±q2 ± c3 ± c4 
J 124i D 



q 

234' °134i 



123' 





Z2 


23 


Zi 
























U>5 


we 


U>7 


W 8 ) J 



cd2 
(±,±)^34 





22 


Z3 


z 4 



















w$ 


±«W5 





Wj HW7 



OT1 j cl3 cl4 c-23 c24 r-34 (±.±) ol3 

and (±,±)<->24j (±,±) ^23' (±,±)*14' (±,±)<3l3) (±,±)^12' <->24' 



(±,±)cl4 (±,±)c23 (±,±)c24 (±,±) Q 34 
J 23' °14' °13' °12- 

Lemma 3.3. Let S = G -V be any of the strata (|55|) . Then dim S = dimV + 2. 
Proof. Look at the subgroup H = Sp(l ) x U(l) e x U(l) of G fixing V and let: 

(57) Gx 5 V={[(g,u)] | 5 e G and u e V}, 

where [(<jr, u)] = [(gi,tti)] if (31,111) = (gh^ 1 , h ■ u) for some h S -ff, by definition 
a V- vector bundle over G/if. A G— action on G x (G K) is defined as: 

(58) g'-[(g, U )}:=[(g'g,u)}, 

so that G ■ V = G x £ V through the G—equi variant diffcomorphism 

V :G-V — >GxrrV, 

(59) H ' 

g-u\ — ► [(g,u)]. 

Thus G • V can be looked at as a V- vector bundle over G/H = S 2 . □ 



Next, we have: 

Theorem 3.1. The strata g^ 7 and S"g are such that 

i) sf 1 n N(Q) = + sf~< n N(Q) (J 7 n N(Q), 
(60) ii) s^ r5 nJV(e) = +^[ 7 ,nJV(e)U-^ 7 *nJV(e) 1 

Hi) H iV(9) is connected. 
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Moreover S(6) = (\J hJ R N(Q)) U (S^ n N(Q)))/G, and each S°$ 

contains four substrata of those listed in at point iv). 

Proof. To fix the argument, consider S\ 23 in (|56[) point i). The moment 
map equations and the sphere equation yield a system 



(61) 



E«=il*a| a = 3, / KI 2 + KI 2 = i 
ELi(*a) a = o, I M 2 + M 2 = o 



and by lemma 3.4, it follows that dim Si 23 — 18. This system gives in particular 
w s = ±iw 7 and S\ 23 R 2V(9) C +S'| 23 U "S^ 23 . Note that equations (HB) coincide 
with the Sp(l)— moment map equations restricted on + Sl 23 and ~ S\ 23 . Also the 
Tq— moment map equations on S\ 23 

!pilm(zi2 2 ) + P2lm{zzZ4) + p 3 Im(z 5 z 6 ) + p J Jm(w 7 w 8 ) = 0, 
q 1 lm(z 1 z 2 ) + g 2 Im(z 3 z 4 ) + g 3 Im(z 5 z 6 ) + q 4 lm(w 7 w 8 ) = 0, 
hlm(ziz 2 ) + ^ 2 Im(z 3 z 4 ) + / 3 Im(z 5 z 6 ) + / 4 Im(u> 7 W 8 ) = 0, 

coincide with the ones on + S'| 23 and "S^ 23 . Since N(Q) is G— invariant, it follows 
S\ 23 n A(6) = + S\ 23 n N(G) U "S"! 23 n N(e). If +S'l 23 denotes the intersection 
+S\ 23 nN(&), then: 
(63) 

+S\ 23 = G ■ {(z,w) E H 8 |lm(^ 2 ) = ^A,Im(z 3 z 4 ) = ^ , Im(z 5 z 6 ) = 

ELM 2 = o,ELi M 2 = 5'ELi M 2 = 0,^8 = iwr, \w 7 \ 2 = i } 

Moreover, awn^ 23 n N(Q))/G = dim^Sf 3 R N(Q))/G = 2 and this inter- 
section has two connected components. Namely, it is easy to see that both of 
(+S\ 23 n N(Q))/G and (-S\ 23 R N(G))/G give twistorial lines S* 2 . A similar ar- 
gument applies to any S^ 1 or Sp s , yielding sixteen twistorial S* 2 . The remaining 
six S 2 come from the strata S"g. Refer in particular to S^ 2 defined in ([56]) . Hi). 
The Sp(l)— moment map equations and sphere equation are now 

Ea=l \ z a\ 2 — 2 ) J Eq=5 \ w a\ 2 = 2 , 
,4 (~ \2 



" ,4i 1 E: = i(^) 2 = o, l EL 5 K) 2 = o, 

and the Tig-moment map equations 

!p 1 Im(z 1 z 2 ) + p 2 Im(z 3 z 4 ) + p 3 Im(w 5 w 6 ) + p 4 Im(w 7 uJ 8 ) = 0, 
gilm(ziz 2 ) + g 2 Im(z 3 z 4 ) + q 3 lm(w 5 w 6 ) + q4lm(w 7 Ws) = 0, 
^ilm(ziz 2 ) + ; 2 Im(z 3 z 4 ) + / 3 Im(u;5wJ 6 ) + i 4 Im(w 7 uJ 8 ) = 0. 

Like in the previous case we obtain (S* 3 | R iV(0))/G = S 2 . Note, that the 
four strata (±.±)Sl 2 C S* 3 | and the mentioned argument also gives dim i± t ±)S\^ R 

iV(6) = 7 and dim ( (± ^S"^ R iV(6))/G = and these give the points listed in 
statement (iii) of Theorem B in the Introduction. . □ 

Remark 3.2. There is a real structure on the twistor space Z e (Q) coming from 
the multiplication by the second quaternionic unit j on vectors (z, w) S H 8 : 



(66) 



J{(z,w)) = (-w,z). 
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Under this J— map our strata transform according to J(S$ ) = ^T(S^n ), 
J(±Sf-<) = J(±S s afh ), J{Sf s ) = J(S%) and J( (±t±) S$) = J^&S*). 



4. The Quotient Orbifolds C 4 (fi) and their twistor space Z e (fl) 



Consider now matrices 

cos u> a sin co a 
— sin u a cos u> a 

with t, s, £ [0, 27r), where a = 1, 2, 3 and 



(67) 



A(tu 



Pat + q a s, 



(68) 



n 



Pi Pi P3 

qi 92 93 



is a matrix of integral weights. 

The sphere S 27 C H 7 is acted on by the group G n = Sp(l) x C 50(7) C 
Sp(7), whose factor Sp(l) acts by left quaternionic multiplication and the second 
factor by matrices: 



/ 1 



(69) 



A(Q) = 



AjiOl) 







A(lo 2 ) 







e 50(7), 



Accordingly, the zero set of the moment map N(Q) = (x 1 (0) (~1 1 (0) C S 27 C 
H 7 admits the following G n — strata [6]: 

S = {ue JV(S2) ] ixi = 0}, 

^ S 1 ! = {u e JV(fi) | in ^ 0}. 

The following lemma points out a minor correction to statements of corollary 
2.3 and lemma 3.2 in [6]. 

Lemma 4.1. The G n action on Si = iV(fi) n {m =f 0} is 

i) locally free if and only if A a p =/= 0, Vl<a</5<3, 

ii) free if and only if gcd{A 12l A i3 , A 23 ) = ±1. 

(The latter is a weaker condition than the one in Lemma 3.2 (ii) of 



(71) 



Proof. Since Ui ^ 0, the Sp(l) factor acts trivially, and it is sufficient to look 
at the Tq— action. On the other hand, it is easy to see that, like in Lemma 2.1, 
no quaternionic pair can vanish on N(Q,) provided all the minors A a p of Q are 
non-zero. It follows that the fixed point equations read: 



(72) 



a = 1, 2, 3, 



COSLUa SinUJ a \ I U2a \ _ I U2a 
-Sinui a COSUJ a J \ U 2a+ 1 J \ U2a+1 

where uj a = p a t + q a s, and t, s £ [0, 27r), so that A{uj a ) = id 2x2 , and e l ( Pat+qaS > = 1, 
yielding only the trivial solution if and only if gcd(Ai 2 , Ai 3 , A23) = ±1. The 
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locally free conditions were correctly proved in [6]. □ 

Consider now the action of G n = Tq x Sp(l) x U(l) on N(Q), similar to the one 
in ([24]). Let (z, w) be a point in N(Q) C S 27 C H 7 



(73) 



( 21 


Z2 


Z3 


z 4 


Z5 


z& 


:) 


V w i 


W 2 


W 3 


W4 


W 5 




w 7 J 



where (zp, wp) G CxC, = 1, 
pairs (u2a,U2a+i) read now: 
(74) 

z 2a w 2a 
Z2a+1 W 2a +1 



, 7. The fixed point equations for each quaternionic 



A{u a ) 



z 2a Z 2a +1 
W2a W 2a + 1 



P o 
p 



where A = e + ja G Sp(l), p G U(l). These equations can be rewritten as: 
(75) 

M Q : = 






-ap 


—sinuj a 


cos uj a — ep 


-ap 





cos u) a — ep 


sinu) a 


—sinuja 


cos uj a — ep 





ap 


cos w a — ep 


sinu) a 


ap 






\ 


/ Z 2a \ 


( \ 




Z2a+1 












/ 


\ W2a+l ) 


V o / 



/ 

V 

for each a — 1, 2, 3. Then, similarly to Lemma 3.1 and Proposition 3.1, we get: 

Proposition 4.1. Let (z,w) be a point in N(Q). Then, up to G n — conjugation, 
we have that Gf zw) C T 2 x {A G Sp(l) \ a = 0} x U(l). 



Proposition 4.2. For each a = 1, 2, 3 ; cfei M a = if and only if: 

p e ±iu a = Re ^ ± iy / Im ( £ )2 H_ |cr|2 



(76) 



Now. singularities of the twistor space Z 6 (f2) can be described by looking at the 
two strata So and Si- 

On Si : {u\ ^ 0} we have 
Lemma 4.2. TTie /tied point equations on S\ and with respect to u± give: 
(77) p = Re(e)±i v / Im(e) 2 + |of . 

Proof. In fact: 

1 - ep \ / zi \ _ / 

-ap 1-ep J \ Wi J \ 



(78) 



ui = Aitip, 



where A = e + ja G Sp(l) and p G (7(1). There are non trivial solutions if and only 
if the determinant vanishes, and this gives the stated condition. □ 

Remark 4.1. If a = in <\74ty , the fixed point equations with respect to the first 
quaternionic coordinate become eu\p = U\, i. e. ez\p + jew\p = z\ + jw±. Then, 
when z\ ^ and w\ ^ 0, we get ep = 1, and e = p = ±1, conditions that give 
the non effective subgroup. Moreover, for any (z, w) £ Si, the orbit contains points 
with both z\ ^ and ui\ ^ 0. 



Thus, by Proposition 4.1, Lemma 4.2 and the above remark: 
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Proposition 4.3. The stratum Si does not give rise to any singular point on 
Z 6 (ft). 



Now, wc look at Sq : {u\ = 0}. Since the elements of Sq have three quaternionic 
pairs, this situation can be treated like the zero set N(Q) studied in the previous 
section. In fact, by using similar arguments of Proposition 3.2 and Lemma 3.2, we 
see that the possible solutions for the equations (|75|) belong to one of the space 
± V 1 a , ± V^, (± ' ±) V^ a , VI or V 5 a , listed in (j3^|). 

By using Corollary 3.2, we can distinguish two families of strata defined by the 
action of G n on H 7 . The first family is given by points (z_,w) whose quaternionc 
pairs are contained in ^ ± ' ± - ) V 3 Q , a — 1,2,3. Instead, points in the second family 
have no quaternionic pairs in ^^V^ 1 . The first family of strata has points in one 
of the following: 



(79) 



S, 



(±,±,±) 



IC 


Z3 


±iz 3 


Z5 


±iz 5 


Z7 


±iz 7 \ 




w 3 


±iw 3 


w 5 


±iw§ 


Wj 


±iW7 J 



The second family gives rise to: 
(80) 



i) 



• 12 



±S 3 
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as well as ±Sl, 3 , ±Sf 3 , ±6231 ±$13; ±Sf 2 j ^S^ 2 j ± »S'2 3 j ^^i 3 ; ^^^i ^^131 ± ^'i2- 

We now see the 2-sphere appearing in Theorem C (i). In fact, through the same 
argument used in Proposition 3.6 we get: 

Proposition 4.4. Just one of the strata S7±,±,±) intersects the zero set N(Q). 
This intersection generates a 2— sphere S 2 on the twistor space Z 6 (fl) 

As for the second family of singular strata: 



Theorem 4.1. The strata listed in have no empty intersection with the sub- 
manifold N '(Q) . Moreover: 



(81) 



i) sfnN(ci) = +sfnN{n)[j-sfnN{fi), 



a) s^ n iv(fi) = +s Q /3 7 n N(n) |J _s a /? 7 n N(n), 

and eac/i 0/ £/ie connected components ^S"^ D AT(fi) anci H iV(O) generate a 

singular point on the twistor space Z 6 (fl). 

The proof is a consequence of the same dimensional argument used in Theorem 
3.1. The connected components in (|8ip i) and ii), provide the singular points' 
description in Theorem C (ii). 
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